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a
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Abstract
Torsion bars are important elements in the marine structure applications. The usage of the composite torsion bars has
increased recently because it takes advantage of the different material property of each constituent. The current research
focuses mainly on the uniform warping analysis of composite torsion shafts by using the point collocation method
(PCM). The PCM is based on Pascal's triangle polynomial expansion and coupled with subdomain technique that is
indispensable for the analysis of composite bars. In addition to satisfying the ﬁeld equation (Laplace equation for
warping function) and traction-free boundary condition for each component, the continuity conditions in both warping
functions and tractions need to be imposed along the interfaces of all components. In this paper, multiple-scale factors
are introduced into the polynomial series to improve the numerical stability. The current scheme is easy to be implemented, and the algebraic equations for warping functions can be simply established. This numerical method can
effectively calculate the structural responses of the composite shafts. The numerical examples of this study include the
composite shafts having elliptical and rectangular cross sections. The structural responses such as warping functions,
shear stresses and torsional rigidity are reported. The PCM solutions are compared with the exact solutions and with the
ﬁnite element solutions obtained from COMSOL. The results show that this simple numerical method can effectively
achieve the solutions with a high degree of accuracy.
Keywords: Point collocation method, Composite shaft, Uniform torsion, Warping function

1. Introduction

C

omposite structures, made of several different
materials, have favorable mechanical and
chemical properties compared to homogeneous
structures. There are increasing applications of
composite structures in many ﬁelds of engineering,
including the marine and offshore structures due to
their excellent corrosion resistant properties. A
composite torsion shaft is designed primarily for
resisting the twisting moment. Meanwhile, a composite bar designed purposely for enduring bending
may also under twist when the loading point of a
transverse force deviates from the shear center (or
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called ﬂexural center). Therefore, it is worthwhile to
further investigate the torsional behaviors of composite bars.
Unlike circular torsion bars, the cross sections of
non-circular bars warp in addition to rotating. SaintVenant presented the correct theoretical formulations for the prismatic, non-circular bars under pure
torque [1]. For this speciﬁc type of load, every cross
section of the bar warps identically and the analysis
is reduced to be two-dimensional. The Saint-Venant
torsion is also known as the uniform torsion, uniform warping, free warping or unrestrained warping. Saint-Venant used the semi-inverse method
based on polynomials to obtain the exact solutions
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for several shafts having particular cross sections,
for example, ellipse and equilateral triangle [2].
Closed-form solutions were also achieved for the
homogenous bars with cross sections in the shape of
either rectangle or isosceles right triangle. The
warping function is in the form of generalized
Fourier expansions in conjunction with monomial
xy [2]. Muskhelishvili [3] considered a two-layered
rectangular bar and used the method of separation
of variables along with auxiliary functions to solve
the differential equations for warping functions.
Meanwhile, Savoia and Tullini [4] obtained the exact
solutions for the rectangular orthotropic bars with
multiple layers. Bhushan and Xiao [5] developed a
special ﬁnite element formulation for solving SaintVenant torsion problems. For homogeneous bars, it
is popular to use Prandtl's function for obtaining
stresses. However, for composite sections, the
displacement (warping function) approach is more
favorable because the displacement continuity in
addition to the contact stress condition has to be
met.
For complicated structure problems, resorting to
approximate solutions becomes inevitable. The
ﬁnite element method (FEM) with discretization
scheme has been widely used for a variety of
problems in many ﬁelds. However, the FEM may
encounter mesh-related difﬁculties [6,7], for
example, the severe mesh distortion due to
extremely large deformation, moving continuity
such as the crack growth with complex path, and the
computational cost owing to a large number of
meshes and a possible re-mesh. On the other hand,
the meshless (or meshfree) method employs interior
and boundary nodes to deﬁne the domain and
boundary of the problem; the approximation of ﬁeld
functions can be entirely obtained from the data of
nodes.
The meshfree method can overcome some shortcomings resulting from the mesh discretization.
Therefore, it has drawn a great interest in the developments and applications of meshfree methods.
The meshfree methods can be classiﬁed into two
categories, namely the strong form and weak form,
based on the necessity of integration [8]. The weak
form method is the Galerkin-based approach, in
which the integral over domain is involved. The
governing differential equations (GDEs) and
boundary conditions (BCs) are satisﬁed in the sense
of average instead of in pointwise manner over the
domain. Meanwhile, for the strong form meshfree
method, the GDEs and BCs are exactly satisﬁed at
the collocation points in both the domain and
boundary. It is noted that the strong form method is
easy to be implemented, computationally efﬁcient,

and truly a meshless technique [8]. However, the
strong form method is prone to be numerically
unstable, and may have less accurate results for the
problems involving with Neumann's BCs. To avoid
the numerical instability, Liu [7] proposed several
remedy techniques that include using random
collocation points and radial basis functions.
Owing to the above-mentioned advantages, many
strong form meshfree collocation methods have
been proposed for numerically solving differential
equations. For example, Kansa [9,10] used the multiquadric radial basis function (RBF) to ﬁt the scatted
data and to solve the parabolic, hyperbolic and
elliptic partial differential equations (PDEs). The
radial basis collocation method (RBCM) in general
exhibits exponential convergence; however, the
discrete system of the RBCM is typically ill-conditioned due to its nonlocal approximation [11],
especially when a large number of points are used
[7]. O~
nate et al. [12] employed the weighted least
square interpolation (with Gaussian weighting
function) coupled with the point collocation technique to solve PDEs. This approach was generically
termed as the ﬁnite point method (FPM), which
leads to the generalized ﬁnite difference method
[13] under particular sets of nodes and shape functions [12]. The moving least square (MLS) approximation and reproducing kernel (RK) approximation
[14] are popular in the meshfree methods. In the RK
approximation, the kernel function in the Lucy's
smoothed particle hydrodynamics (SPH) method
[15] is added a correct function that can be determined by satisfying the conditions of reproducing
the function. The RK has the same approximation as
the MLS when a complete set of monomials is
adopted as basis functions [11,16]. The order of
continuity in the MKL/RK approximation is determined by the order of continuity in weight functions, and the degree of consistency depends on the
order of monomials. Aluru [17] presented the
reproducing kernel collocation method (RKCM) in
which the RK approximation is combined with the
point collocation scheme, instead of Galerkin
scheme. Various second order BVPs were treated to
assess the convergence rate of the RKCM. While the
MLS/RK discrete system is relatively well-conditioned compared to the RBF [11], it only offers an
algebraic convergence rate [18]. Chen et al. [19] used
the concept of partition of unity [20] to formulate the
RK enhanced local radial basis collocation method
(L-RBCM), in which the RBF is localized by using
the RK that exhibits consistency in polynomials. The
condition number of the L-RBCM is comparable to
the RKCM, which has a notable improvement on
stability over the RBCM. Moreover, the error
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analysis also indicated that the L-RBCM can maintain the exponential convergence rate of the RBCM.
The L-RBCM is suitable for the problems involving
local effects, for example, material heterogeneity
and structural defects. Recently, Chen el al [11]. has
published a comprehensive overview about the
advances and applications of the collocation meshfree methods, in addition to the Galerkin meshfree
methods. The convergence and stability properties
associated with the RBCM, RKCM, and L-RBCM
were outlined. The comparison between the direct
collocation scheme and weighted collocation
method [21] was made. The computational efﬁciency corresponding to the direct derivative and
implicit gradient approximation [22] was also
addressed.
A direct derivative of shape functions in the
meshfree approximation is more involved and
computationally expensive. Several techniques such
as diffuse derivative [23], synchronized derivative
[24] and implicit gradient RK approximation [25]
have been employed for efﬁcient derivative
approximation in the weak form meshfree applications. The above-mentioned three techniques were
shown closely related [11]. Compared to the weak
form meshfree method, higher order derivatives of
shape functions are required in the strong form
meshfree methods, which makes the successive
directive derivatives of shape functions more complex and computationally costly. Chi et al. [22]
introduced a gradient RK collocation method (GRKCM) that can reduce the derivatives to the ﬁrst
order when dealing with a second order PDE. In the
G-RKCM, the ﬁrst order derivative of the primary
function is approximated in the same fashion as the
RK approximation of the function itself. The coefﬁcient functions in the correction functions are
determined by satisfying the partition of nullity and
the gradient reproducing conditions. Meanwhile,
the second order derivatives are obtained by a direct
differentiation of the ﬁrst order derivative approximation. The error analysis indicated that there is
same convergence rate for the function and function
derivative, and the rate of convergence depends on
the polynomial degree (q) of gradient RK approximation (at least with degree of two for convergence)
instead of on the polynomial degree ( p) of the RK
approximation. The estimated convergence rate of
the least square error norm is q-1 for the secondorder PDEs. The G-RKCM can predict sufﬁciently
accurate results when the same number of the
source points and collocation points is used, which
poses an advantage over the RKCM that can yield
accurate results only when more collocation points
are adopted. The concept of the G-RKCM was
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extended by Mahdavi et al. [26] to solve the higher
order PDEs such as the fourth order PDE of the
classical plate problem. In this method, termed as
the HG-RKCM, all derivatives are expressed using
the gradient RK, and all the RK shape functions for
derivatives (called implicit gradients) of desired orders can be constructed by satisfying the derivative
reproducing conditions. The proposed method,
without direct derivative calculation, greatly reduces
the computation cost and increases accuracy by
avoiding the accumulative error resulting from
excessive matrix operations. Numerical results
showed that the HG-RKCM is about 10e25 times
faster than the RKCM. The estimated convergence
rates of the least square error norm are p-1 and p-3
for the second order and fourth order PDEs,
respectively. Meanwhile, the numerical results of
various BVPs indicated that the convergence rate of
the error L2 norm is elevated an order higher to p
and p-2 when even-order basis functions are used.
The basis degree discrepancy regarding the accuracy was also reported in the isogeometric collocation method [27] and in the structural vibrations
based on the RKCM [16]. Qi et al. [16] derived the
theoretical frequency error measure of the RKCM
for the second order problem of membrane's vibration and the fourth order problem of plate's vibration by employing the consistency conditions for
the RK shape functions and their derivatives. The
analysis conﬁrmed that the convergence rate corresponding to the even-number degree is one order
higher than the convergence rate corresponding to
the odd-number degree. Considering the evennumber degree of p, the frequency accuracy orders
are p and p-2 for second order and fourth order vibration problems, respectively. The theoretical prediction was consistently validated by various
numerical examples.
Wang et al. [28] developed a superconvergent
strong form collocation method to resolve the basis
degree discrepancy in the RKCM. Following the
MLS/RK approximation, the ﬁrst order smoothed
gradients of the shape function are constructed
using the same shape function of the ﬁeld function,
and the second order smoothed gradients of shape
functions are obtained by directly differentiating the
ﬁrst-order smoothed gradients. The smoothed gradients of shape functions thus constructed were
shown satisfying the consistency conditions. It was
further shown that the resulting second order
smoothed gradients can satisfy the extra consistency
condition that is one order higher than those corresponding to the standard gradients. Consequently, based on the local truncation error analysis
for a second order problem, the proposed method
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yields a ( pþ1)th degree of accuracy when odd-order
basis functions are used, compared to the ( p-1)th
degree of accuracy corresponding to the RKCM. The
accuracy is improved up to two orders, which leads
to the desired superconvergence. It was also proved
that the linear degree of basis functions can yield
correct results, which is not feasible for the conventional RKCM. The computation cost in this
method is greatly reduced not only by the superconvergence but also due to the factor that the
second order smoothed gradients are the product of
two ﬁrst order gradients. Recently, a recursive
formulation for arbitrary order meshfree gradients
has been presented for the MLS/RK point collocation approximation [29]. The nth order gradients are
expressed as an interpolation of the (n-1)th gradients by the standard ﬁrst order gradient, consequently in the form of successive multiplication of
the standard ﬁrst order gradients. The recursive nth
order gradients with basis function of degree p not
only satisfy the conventional gradient consistency
conditions but also meet the extra gradient consistency conditions up to order of p þ n-1. The local
truncation error analysis for the fourth order classical plate's PDE revealed that the accuracy orders
are p and pþ1 respectively for the even and odd
degrees of basis functions, which is up to two and
four orders respectively from the conventional
RKCM. It is also noted that the proposed method
can yield correct results with p ¼ 1; on the contrary,
at least p ¼ 4 is required for the RKCM to achieve
convergence. It is known that the even/odd basis
degree discrepancy also exists in the isogeometric
collocation (IGC) method. Among many remedies,
Wang et al. [30] extended the concept of recursive
gradients of the RKCM to the IGC and proposed a
superconvergent IGC method based on the transformed isogeometric basis functions (IGBF) that are
associated with the Greville points. The recursive
gradients of the transformed IGBF can be constructed in the same manner as the recursive gradients of RK shape functions. According to the
theoretical local truncation error analysis for the
scalar potential problem, the proposed method has
two extra orders of accuracy compared to the standard IGC method for the odd degree basis functions. The feature of superconvergence was
validated by examining both the L2 and H1 error
norms of various second order problems.
The strong form meshfree collocation methods
have wide-ranging applications in many ﬁelds.
Among numerous works, only few of them are
mentioned here. For example, Chen el al [31]. used
both the RBCM and L-RBCM to examine the
structural behaviors of heterogeneous media. The

numerical results revealed that the L-RBCM yields
correct results near the interfaces when coupled
with the subdomain technique that imposes the
interface conditions by direct collocation along the
interfaces. It was shown that both displacement and
contact traction continuity conditions should be
imposed to achieve optimal convergence. Yang and
Su [32] employed the RBCM coupled with the incremental-iterative scheme to solve the geometrically and materially nonlinear structural problems.
The numerical results indicate the weighted collocation method gives better accuracy, smaller condition number and less CPU time than the direct
collocation method. The weighted RKCM was utilized to solve the inverse Cauchy problems governed by second order PDEs [33]. Through an error
analysis, the weights can be determined by
balancing the errors in the domain and on the
boundary. The solution accuracy and convergence
rate can be greatly improved with proper weights.
Most recently, Yang and Liao [34] have applied the
RKCM in conjunction with NewtoneRaphson
technique to solve the highly nonlinear natural
convection problem within a parallelogrammic
enclosure. From the parametric study involving with
many factors, the proposed scheme was shown to be
efﬁcient.
The point collocation method (PCM) with polynomials as basis functions is the simplest meshfree
method and has been used to solve various PDEs.
However, the high degree of polynomials and a
large number of collocation points render the algebraic equations of the discrete system unstable. To
alleviate ill-conditioned behavior, Liu and Atluri
[35] introduced a normalized length scale to modify
the high-order polynomial expression. Furthermore,
Liu and Kuo [36] used Pascal's polynomial expansions in conjunction with multiple-scale factors to
solve linear elliptic equations and inverse Cauchy
problems, which reported a very accurate result and
a very stable scheme. The multiple-scale factors
were determined using the equilibrated matrix
condition. A matrix is equilibrated if all its columns
or rows have an identical norm. It has been known
that a matrix is best-conditioned if it is equilibrated
[37]. After the work of Liu and Kuo [36], the PCM
based on Pascal's polynomial coupled with multiple-scale factors has been increasingly used to solve
various types of PDEs. For example, Liu and Young
[38] applied the method to cope with two-dimensional Stokes and inverse Cauchy-Stokes problems;
it was found that the multiple-scale Pascal polynomial expansion method is accurate and stable
against large noise. At the same time, Chang [39]
employed a similar method to solve the steady-state

25

JOURNAL OF MARINE SCIENCE AND TECHNOLOGY 2022;30:21e36

nonlinear heat conduction problems with the
Dirichlet and Neumann boundary conditions. Then,
Chang et al. [40] also proposed the multiple-scale
polynomial expansion to address the steady-state
modiﬁed Burgers' equation in transport issues and
attained good results. Besides, a well-behaved
polynomial expansion scheme was shown in [41]
that can more effectively resolve the steady-state
AlleneCahn equation for heat transfer in thin ﬁlms.
The numerical solutions were seen to be stable and
accurate against moderate noise. Recently, Liu et al.
[42] has applied the multiple-scale higher order
polynomial collocation method to the 2D and 3D
elliptic PDEs with variable coefﬁcients and having
irregular domains; the numerical results indicates
that the inherent bias of higher order polynomial
can be overcome. It is noted that the abovementioned studies were conducted on particular
domains such as the circular, peanut-like and
amoeba-like domains.
As previously stated, for many uniform torsion
problems, the solutions are exactly or predominantly in terms of monomials. With this notion in
mind, it is intuitive and reasonable to employ the
PCM coupled with Pascal's polynomials to simulate
the torsion behaviors of composite bars. The uniform torsion boundary value problems can be
formulated in terms of the warping function, conjugate harmonic function, or Prandtl stress function.
The stress function approach is popular for a bar
with a solid homogenous cross section. However,
for a composite cross section, the displacement
approach based on warping functions is favorable
because both the displacement and traction continuities need to be satisﬁed along the interfaces. To
accommodate the non-uniform material properties,
the subdomain interpolation is needed; that is, the
warping functions in different domains are
approximated using different sets of polynomials.
The rest of this paper is organized as follows. The
uniform torsion theory based on the warping function for composite shafts is introduced in section 2.
The numerical formulations for the PCM based on
Pascal's polynomial approximation and coupled
y

x

T

with multiple-scale factors are established in section
3. The numerical results of the torsion rigidity,
warping functions and stresses for the composite
shafts having elliptical and rectangular sections are
presented in section 4, in which the PCM results are
compared with both the exact and FEM solutions to
assess the accuracy of the current technique. Finally,
the conclusion about this study is drawn and reported in section 5.

2. Uniform torsion theory of composite shafts
A prismatic composite shaft with length L under
torque (T) at both ends is schematically shown in
Fig. 1. The cross section of the shaft is shown in
Fig. 2. The shaft is constructed of an arbitrary
number of materials with shear moduli Gk ðk ¼
1  KÞ. The domain and boundary for the kth material are denoted as Uk and vUk , respectively. As
displayed in Fig. 2, the boundary vUk is divided into
the exterior boundary vU0k and interface boundary
00
00
vUk , namely vUk ¼ vU0k þ vUk . The torsion theory for
the homogeneous section can be found in many
books on the theory of elasticity, for example, in the
classical book authored by Sokolnikoff [2]. Hereafter, the torsion theory corresponding to homogenous shafts is extended to the composite shafts.
The composite cross section is under rigid body
rotation. The rotation angle (q) of each cross section
is
q ¼ az

ð1Þ

where a represents the twist angle per unit length.
The corresponding in-plane displacements are
u ¼  qy ¼ ayz ; v ¼ qx ¼ axz

where u and v are the displacements in the x and y
directions, respectively. Meanwhile, the axial
displacement (wk ) for the kth material is described as
wk ¼ afk ðx; yÞ on

Uk ðk ¼ 1  KÞ

z
L
Fig. 1. A prismatic composite bar under uniform torsion.

ð3Þ

where fk is the warping function on subdomain Uk .
According to the strain-displacement relations,
the strains in the kth material can be calculated from
the displacement models given in Eqs. (2) and (3):
3xk ¼ 3yk ¼ 3zk ¼ gxyk ¼ 0




gxzk ¼ a fk;x  y ; gyzk ¼ a fk;y þ x

T

ð2Þ

ð4Þ

The resulting stresses in the kth material are
sxk ¼ syk ¼ szk ¼ sxyk ¼ 0




sxzk ¼ Gk a fk;x  y ; syzk ¼ Gk a fk;y þ x

ð5Þ
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Gk fk;x  y nx þ Gk fk;y þ x ny




¼ Gl fl;x  y nx þ Gl fl;y þ x ny
00

00

along vUk ∩vUl ðk;l ¼ 1  K ; lskÞ

ð12Þ

Thus far, the BVP for fk has been formulated.
Warping functions fk can be determined simultaneously from Laplace's Eq. (6), traction-free BC (8),
displacement continuity condition (9) and contact
stress condition (12).
The traction conditions on the both ends (z ¼ 0; L)
are speciﬁed in terms of force resultants as
Fx ¼ Fy ¼ Fz ¼ Mx ¼ My ¼ 0 and Mz ¼ T
Fig. 2. Schematic drawing of the cross section of a composite shaft.

Substituting the above stresses into the stress
equilibrium equations and neglecting body forces
reveal that each warping function (fk ) is harmonic,
which is governed by Laplace's equation:
fk;xx þ fk;yy ¼ 0 on Uk

sxzk nx þ syzk ny ¼ 0 along vU0k

ð7Þ

where nx and ny are the components of the unit
outward normal vector to the boundary vU0k as
indicated in Fig. 2. Introducing Eq. (5) into the above
equation gives the boundary condition in terms of
warping functions:
fk;x nx þ fk;y ny ¼ ynx  xny along vU0k

ð8Þ

In addition to satisfying equilibrium Eq. (6) and
traction-free BC (8), warping functions also have to
meet the following displacement and traction continuity conditions along the interfaces:
fk ¼ fl

00

It is noted that zero axial stress (szk ¼ 0) leads
to Fz ¼ Mx ¼ My ¼ 0. Force conditions Fx ¼ Fy ¼ 0
are also satisﬁed as shown below. By introducing
Eq. (5), the stress resultant Fx is expressed in terms
of warping functions as
Fx ¼

ð6Þ

The lateral surface is free of tractions, which
results in the following stress boundary condition:

00

along vUk ∩vUl ðk; l ¼ 1  K ; l s kÞ
00

ð9Þ

00

ftgk ¼  ftgl along vUk ∩vUl ðk; l ¼ 1  K ; l s kÞ
ð10Þ
The traction condition (10) can be expressed in
terms of stresses as
00

00

½sk fng ¼ ½sl fng along vUk ∩vUl
ðk; l ¼ 1  K ; lskÞ

ð11Þ

In the above equation, fng represents the unit
normal vector to the interface between two materials in contact. Substituting stresses (5) into the
above equation yields the stress continuity condition in terms of warping functions:

ð13Þ

K ð
X
k¼1

szxk dA ¼

K ð
X
k¼1

Uk



Gk a fk;x  y dA

ð14Þ

Uk

Since warping function is harmonic, the above
equation can be rearranged as
ð
K
h 
i
X

 
Fx ¼ a
Gk
x fk;x  y ;x þ x fk;y þ x
dA
k¼1

;y

Uk

ð15Þ
Applying the divergence theorem to the above
equation and introducing traction-free BCs (8) yield
Fx ¼ a

K
X

Gk

k¼1

ð h

 i


x fk;x  y nx þ fk;y þ x ny ds

ð16Þ

00
vUk

By recognizing the contact stress conditions (12)
along interfaces, resultant force Fx is seen to be zero.
The vanishing of Fy can be veriﬁed in the same
fashion.
Finally, the applied torque is related to shear
stresses as
T ¼

K ð
X

k¼1


xszyk  yszxk dA

ð17Þ

Uk

Introducing shear stresses in Eq. (5) into the
above equation gives
T ¼a

K
X
k¼1

ð
x2 þ y2 þ x

Gk
Uk

vfk
vf
 y k dA
vy
vx

ð18Þ

The unit twist angle a can be determined from
the above equation, and the torsion rigidity is
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K
T X
D≡ ¼
Gk
a k¼1

ð
x2 þ y2 þ x
Uk

vfk
vf
 y k dA
vy
vx

ð19Þ

where
PfR ¼ b f1 f2 / fK c

ð25Þ

PcR ¼ bc1 c bc2 c / bcK c

3. Numerical procedure of point collocation
method
The numerical equations of the PCM applied to
the torsion problems are formulated hereafter. A
formulation without multiple-scale factors is shown
in the ﬁrst subsection. The formulation incorporating the scale factors is given in the second
subsection.

x

y

x2
x

3

y2

xy
2

xy

«

xy

2

y3

fk ¼

ckmj x

mk X
m1
X

fk;y ¼

fk;yy ¼

ð21Þ

y

fk ¼

Mk
X

(21)

can

be

ð27Þ

ð28Þ

m¼1 j¼1

ð20Þ

mj j

Eq.

ckmj ðm  jÞxmj1 y j

mk X
m
X
ckmj jxmj y j1

mk X
m2
X

ckmj ðm  jÞðm  j  1Þxmj2 y j

ð29Þ

alternatively

mk X
m
X

cmmj jðj  1Þxmj y j2

ð30Þ

m¼2 j¼2

It is noted that Eqs. 27e30 can be alternatively
expressed as
fk;x ¼

Mk
X

cki pkxi ðx; yÞ ¼ pkx fck g

ð31Þ

j k
cki pkyi ðx; yÞ ¼ pky fck g

ð32Þ

i¼1

m¼0 j¼0

Note that
expressed as

ð26Þ

m¼2 j¼0

The warping function in the kth subdomain is
represented by Pascal's polynomials with order mk
as
mk X
m
X

3
P0R
P0R 7
7
« 5
pK

The partial derivatives of warping functions,
needed for calculating stresses and Laplacian, are
expressed as

fk;xx ¼

0
1
2
3

P0R /
P0R /
«
«
P0R /

m¼1 j¼0

First, the warping function fk is expressed in the
form of Pascal's polynomials without introducing
scale factors. The triangular formation of the Pascal
polynomials is shown below:
order
order
order
order

P0R
p2
«
P0R

p1
6 P0R
½P ¼ 6
4 «
P0R

fk;x ¼

3.1. PCM formulations without scale factors

1

2

fk;y ¼

Mk
X
i¼1

cki pki ðx; yÞ ¼ pk fck g

ð22Þ
fk;xx ¼

i¼1

where Mk is the total number of basis functions for
fk , with Mk ¼ ðmk þ 1Þðmk þ 2Þ=2. By comparing the
above expression with Eq. (21), the following relations can be identiﬁed:
cki ¼ ckmj ; pki ¼ xmj yj ½i ¼ j þ 1 þ mðm þ 1Þ = 2

ð23Þ

Consider a composite section consists of K
materials. Then, the total number of basis functions
is M ¼ M1 þ M2 þ / þ MK , and the collection of all
warping functions can be expressed as
ffg ¼ ½Pfcg

ð24Þ

Mk
X

cki pkxxi ðx; yÞ ¼ pkxx fck g

ð33Þ

j
k
cki pkyyi ðx; yÞ ¼ pkyy fck g

ð34Þ

i¼1

fk;yy ¼

Mk
X
i¼1

By comparing Eqs. 31e34 with Eq. (27) e (30),
the following relations can be identiﬁed:
cki ¼ ckmj ; pkxi ¼ ðm  jÞx mj1 y j ; pkyi ¼ jx mj y j1
pkxxi ¼ ðm  jÞðm  j  1Þx mj2 y j
pkyyi ¼ jðj  1Þx mj y j2 ½i ¼ j þ 1 þ mðm þ 1Þ=2
ð35Þ
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The Laplacian in the kth subdomain can then be
interpolated as
fk;xx þ fk;xx ¼

Mk
X


 j
k
cki pkxxi þ pkyyi ¼ pkxx þ pkyy fck g

instability caused by the high-order polynomials
[36]. The warping function fk is expressed as
fk ¼

i¼1

ð36Þ
The shear stresses in the k material are
approximated as
!
Mk
X


sxzk ¼ Gk a
cki pkxi  y ¼ Gk a pkx fck g  y
i¼1

syzk ¼ Gk a

!
cki pkyi þ x


j k
¼ Gk a pky fck g þ x

i¼1

ð37Þ
0

vU
Let nU
be the numbers of collocation
k and nk
points on the00 domain Uk and along the boundary
vU0k , and nvU be the number of collocation points
along all the interfaces. A set of algebraic equations
can be constructed by satisfying the Laplace equations, boundary traction-free conditions and interface continuity conditions at collocation points. To
avoid rigid body motion, one more collocation point
is created as the reference point at which the
warping function is set to be zero. The resulting N
algebraic equations are

½ANM fcgM1 ¼ fbgN1

K
X


ð42Þ

00
0
nUk þ nvU
þ 2  nvU þ 1
k

multiple-scale factors. The explicit
diagonal matrix ½sk  in the above
0
0
«
0

/
/
«
/

3
0
0 7
7
« 5
skMk

ð43Þ

Following the same procedure as illustrated in
the previous subsection, the counterpart of Eq. (38)
is established as


½ANM ½SMM NM fcgM1 ¼ fbgN1
ð44Þ
where the diagonal matrix ½S is
M scale factors:
2
S1 0
0
1
6 0 S2
½s1  / ½0
6
½S ¼ @ « 1 « A ¼ 6
6« «
40 0
½0 / ½sK 
0 0

the collection of all
3
/
0
0
/
0
0 7
7
1
«
« 7
7
/ SM1 0 5
/
0
SM
ð45Þ

ð39Þ

The scale factors Sm (or ski ) can be determined
using the concept of equilibrated matrix that can
alleviate ill-condition [36], that is, by requiring
Euclidean norms of every column in matrix ð½A½SÞ
to be equal. By recognizing that the norm of the mth
column of matrix ð½A½SÞ is


ð½A½SÞ  ¼ Sm kAim k
ð46Þ
im

k¼1

In general, ½A is a non-square matrix with N >
M, which does not have an inverse. Here, Eq. (38) is
normalized as
½A0 MM fcgM1 ¼ fb0 gM1

where ski are
expression of
equation is
2
sk1 0
6 0 sk2
½sk  ¼ 6
4«
«
0 0

ð38Þ

where
N¼

ski cki pki ðx; yÞ ¼ pk ½sk fck g

i¼1

th

Mk
X

Mk
X

ð40Þ

with
 
 
½A MM ¼ AT MN ½ANM ; fb0 gM1 ¼ AT MN fbgN1

and assigning a scale factor, for example Sn , a
value of unity:
Sn ¼ 1 for kAin ks0

0

ð41Þ
0

It is noted that matrix ½A  thus obtained is
symmetric and positive-deﬁnite. Many algorithms,
for example, the Cholesky decomposition scheme,
are suitable for solving Eq. (40) that comprises M
simultaneous equations.
3.2. PCM formulations with multiple-scale factors
As mentioned before, the introduction of multiple-scale factors can alleviate the numerical

ð47Þ

then Sm is determined as
Sm ¼

kAin k
ðm ¼ 1  MÞ
kAim k

ð48Þ

Once all the scale factors are decided, Eq. (44)
can then be normalized and solved.

4. Numerical examples
Uniform torsion behaviors of several composite
shafts, including the elliptic and rectangular shafts
having composite sections, are analyzed using the
point collocation method based on the Pascal
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Fig. 3. (a). Cross section and collocation points of an elliptic bar with homogeneous section. (b). Finite element geometrical model and element
meshing of an elliptic bar with homogeneous section.

polynomial expansion. The PCM results are
compared with the FE and exact solutions to
examine the accuracy of the current technique.
The semi-axis lengths in the x and y directions for
an elliptic section are denoted as a and b, respectively. Geometric parameters a and b also represent
the half-lengths of the rectangular section in the x
and y directions. In numerical computations, the
values of the constants are taken as
a ¼ 20cm; b ¼ 10cm

ð49Þ

In this study, the Pascal polynomial expansion
employed in each subdomain has the same order,
that is, mk ¼ m (k ¼ 1  K). The structural responses
presented hereafter are given in the following nondimensionalized forms:
D
f
; fk ¼ 2k ;
G1 ab3
b
szyk
szxk
szxk ¼  2  ; szyk ¼  2  ðk ¼ 1  KÞ
T ab
T ab
D¼

ð50Þ

4.1. Homogeneous elliptic section
First, the current technique is employed to solve
the torsion problem of an elliptic bar with a homogeneous cross section. The shear modulus of the
material is represented as G1 . The geometry of the
cross section and the distribution of the collocation
points are shown in Fig. 3(a). It is seen that the
numbers of collocation points on the domain and
0
along boundary are nU
and nvU
¼ 6,
1 ¼ 12
1

respectively. For preventing rigid body motion, the
warping function is taken to be zero at (0,0), that is,
f1 ð0; 0Þ ¼ 0. It can be shown that the components of
the unit outward normal vector to the elliptic
boundary are
h
i1=2
x
ða=bÞ2 y
4
; ny ¼
; d ¼ x2 þ ða=bÞ y2
ð51Þ
d
d
The PCM based on the second-order Pascal
polynomials ðm ¼ 2Þ and with the above-mentioned
collocation scheme yields the exact solution for
warping function:

f1 ¼  0:6 xy b2
ð52Þ
nx ¼

The structural responses can be calculated from
the above warping function.
The commercial package COSMOL [43] is
employed to conduct the FE analysis. The geometrical model and typical element meshing with
quadratic elements are shown in Fig. 3(b). The force
couples are applied to both ends ðz ¼ 0; LÞ of the
shaft to produce torque as indicated in the ﬁgure.
The length of the shaft is taken as large as L=b ¼ 20,
which makes it possible to apply the Saint-Venant
principle and to simulate the unconstrained torsion.
The displacement constraint conditions are
u ¼ v ¼ w ¼ 0 at both points ð0; 0; 0Þ and ð0; 0; LÞ;
moreover, to avoid rigid body rotation about the z
axis, condition u ¼ 0 at points ð0; ±b; L=2Þ are prescribed. It is worth mentioning that the current FE
torsion simulation is based on the three-dimensional analysis, as opposed to the two-dimensional
uniform torsion analysis based on the PCM.

Table 1. Comparisons between PCM/exact solutions and FE results based on various numbers of dofs for the homogeneous elliptic shaft.
D
f1;max
szx1;max
szy1;max

3D FEM (57,966 dofs)

3D FEM (136,140 dofs)

3D FEM (399,939 dofs)

Exact/PCM (m ¼ 2 M ¼ 6)

2.5132
0.59712
0.64637
0.31758

2.5133
0.59931
0.64136
0.31839

2.5133
0.59997
0.63773
0.31864

2.5133
6  101
0.63662
0.31831
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The FE results with various numbers of nodal
displacements (degrees of freedom, dofs) are
compared with PCM/exact solutions in Table 1. The
torsion rigidity D is deﬁned as D ¼ T=a. In the FE
analysis, the unit twist angle ðaÞ is calculated by
using
a ¼ ðqz¼0:6L  qz¼0:4L Þ = ð0:2LÞ

ð53Þ

where the rotation angle of a cross section is obtained as
qz ¼ ½uð0;  b; zÞ  uð0; b; zÞ = ð2bÞ

ð54Þ

Both discrepancy and error are frequently used
as the measurement for accuracy. Hereafter, the
discrepancy implies relative discrepancy that is
deﬁned as (difference between two numbers)/
(average of two numbers). Meanwhile, the error
implies relative error that equals to (difference between approximate value and exact value)/(exact
value). The discrepancy is mainly used to evaluate
the difference between two approximate results,
while error is strictly used to evaluate the difference
between an approximate result and an exact
solution.
It is noted from Table 1 that in general the accuracy of the FE results is improved with ﬁner meshes.
The FE results based on 57,966 dofs yields results
with errors in the range of 0e1.5%. Meanwhile, the
error corresponding to the FE results with a larger
number of dofs (399,939) is less than 0.2%. To achieve the results with sufﬁcient accuracy, the FE
meshing for all the successive structural examples
are in the same manner as the latter meshing
scheme. For this particular case, the PCM with only
six terms (M ¼ 6) of polynomials can produce exact
solutions, which is clearly much more computationally efﬁcient than the ﬁnite element method.
4.2. Two-layered composite elliptic section
A two-layered composite section with shear
modulus ratio G2 =G1 ¼ 2 is shown in Fig. 4(a). A
typical collocation scheme (with 20 boundary points,
100 domain points and 11 interface points) is also
illustrated in Fig. 4(a).
First, the convergence of the PCM solutions is
studied. The numerical results based on various
orders of Pascal's polynomials (m) and various
numbers of collocation points are reported in Table
2. The FEM results based on a mesh scheme with
399,939 dofs are also included in this table for
comparison. Three PCM schemes are studied. The

ﬁrst one has a lower order of Pascal's polynomials
(m ¼ 6) and a lesser number of collocation points
(20 boundary points, 100 domain points and 11
interface points). This collocation scheme is shown
in Fig. 4(a). For this PCM scheme, the number of
coefﬁcients to be determined is M ¼ 56 and the
number of governing equations and conditions is
N ¼ 143. In the second PCM scheme, the order of
the Pascal polynomials is m ¼ 8; the number of the
coefﬁcients to be determined is M ¼ 90. The collocation points consist of 38 boundary points, 380
domain points and 21 interface points, which gives
N ¼ 461. The third PCM scheme has the highest
order of Pascal's polynomials (m ¼ 12 with M ¼ 182)
and the largest number of collocation points (74
boundary points, 1480 domain points and 41 interface points with N ¼ 1637).
The PCM solutions and the FEM results are
compared in Table 2. The structural responses listed
in this table include not only the torsional rigidity of
the shaft, but also the maximum warping function
and maximum shear stress in each material. It is
noted that the PCM solutions with a higher order of
Pascal's polynomials and a larger number of collocation points are closer to the FEM solutions. The
PCM results with m ¼ 12 and N ¼ 1637 are very
close to the FEM solutions; the largest discrepancy
for all the structural responses is less than 0.62%.
Meanwhile, the torsional rigidity and warping
function based on the PCM with lower order polynomials (m ¼ 6) and fewer collocation points (with
N ¼ 143) are also close to the FEM solutions; however, the discrepancy between this low-order PCM
solutions and the FEM solutions for the maximum
shear stresses in the second material is as high as
nearly 3.2%.
The distributions of the warping function and
shear stresses are sketched in Fig. 4(b), (c) and (d),
separately. Contour maps are plotted using the
gridded data of both the PCM (with m ¼ 12) and the
FEM solutions. It is noted that for all the structural
responses, both PCM and FEM yield nearly identical proﬁles; only a slight discrepancy in warping
function is observed near the interface of materials.
4.3. Homogeneous rectangular section
The cross section and collocation points of a shaft
with homogeneous rectangular cross section are
schematically shown in Fig. 5(a) and (b). Fig. 5(a)
illustrates an evenly-spaced collocation points, and
Fig. 5(b) depicts a skewed distribution of collocation
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Fig. 4. (a). Cross section and typical collocation point distribution of a two-layered composite elliptic section. (b). Warping function (f) distributions
on the two-layered elliptic section based on the PCM (above) and 3D FEM results (below). (c). Shear stress (szx ) distributions on the two-layered
elliptic section based on the PCM (above) and 3D FEM results (below). (d). Shear stress (szy ) distributions on the two-layered elliptic section based on
the PCM (above) and 3D FEM results (below).

points. The exact solutions for the warping function
and torsion rigidity, in the non-dimensionalized
form, are [1].
f1 ¼ 

n
∞
X
xy
ð  1Þ sinhðan x=bÞsinðan y=bÞ

4
3
b2
coshðan a=bÞ
n¼1 ðan Þ

"
#
∞
 a
16
bX
1
D¼
tanh an
16
3
a n¼1 ðan Þ5
b

ð55Þ

ð56Þ

where
an ¼ ð2n  1Þp=2

ð57Þ

The shear stresses can be calculated from Eq.
(55) once warping function is obtained. The
converged results in both warping function and
torsion rigidity can be achieved by a summation of
51 terms in the series. It is worth mentioning that
the value of 16D=3 is the torsion rigidity of an
extremely thin slab (2b≪2a) having a homogeneous
cross section.
The PCM solutions based on two collocation
schemes (m ¼ 8, M ¼ 45, N ¼ 295) and (m ¼ 12, M ¼
91, N ¼ 2341) are compared with both the exact
solutions and FE results in Table 3. The results
corresponding to two different layouts of collocation

Table 2. PCM solutions with various schemes are compared with FE results for the two-layered composite elliptic shaft.

D
f1;max
f2;max
szx1;max
szx2;max
szy1;max
szy2;max

PCM (m ¼ 6 M ¼ 56
N ¼ 143)

PCM (m ¼ 8 M ¼ 90
N ¼ 461)

PCM (m ¼ 12 M ¼ 182
N ¼ 1637)

3D FEM (399,939 dofs)

3.5954
0.57499
0.63071
0,58460
0.77752
0.23240
0.42290

3.5873
0.57251
0.62973
0,58,923
0.76486
0.22743
0.43952

3.5841
0.57242
0.63056
0,59,190
0.75233
0.22819
0.43595

3.5851
0.57172
0.62863
0.58830
0.75549
0.22816
0.43681
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Table 3. PCM results with two different collocation schemes and based on two different layouts of collocation points are compared to the FE and exact
solutions for the homogeneous rectangular shaft.

D
f1;max
szx1;max
szy1;max

PCM (m ¼ 8 M ¼ 45
N ¼ 295)

PCM (m ¼ 12 M ¼ 91
N ¼ 2341)

3D FEM
(48,243 dofs)

Exact
(using 51 terms)

3.6676 (3.6716)
1.0492 (1.0496)
0.50099 (0.50004)
0.40942 (0.40958)

3.6585 (3.6587)
1.0524 (1.0523)
0.50892 (0.50890)
0.40144 (0.40144)

3.6577
1.0500
0.50926
0.40550

3.6589
1.0511
0.50838
0.40420

Note: The values in parenthesis ( ) are corresponding to skewed layout.

points are reported. First, it is noted that the results
based on the skewed layout (with data listed in the
parenthesis) are close to the results based on the
even layout. For the scheme with a larger number of
collocation points (m ¼ 12, N ¼ 2341), both results
are almost identical. Meanwhile, for a scheme with
fewer collocation points (m ¼ 8, N ¼ 295), the largest
discrepancy in structural responses between two
layouts is seen to be less than 0.2%. By comparing
with exact solutions, it is noted that the FEM with
48,243 dofs predicts very accurate results; the largest
error exists in szy1;max with an error less than 0.33%.
The PCM with a lower-order polynomial and fewer
collocation points (m ¼ 8, N ¼ 295) yields results
with acceptable accuracy; the largest error occurs in
szx1;max with an error about 1.45%. Meanwhile, the
PCM with higher order monomials and having
more collocation points (m ¼ 12, N ¼ 2341) improves
the accuracy comparable to the FE results. The PCM

a

The two-layered rectangular section with equal
thickness is shown in Fig. 6(a). The ratio of shear
moduli is G2 =G1 ¼ 2. The exact solutions are available [3], and the non-dimensionalized warping
functions for both materials are
fk ¼ 

n
∞
X
xy
ð  1Þ Fkn ðxÞ

4
sinðan y = bÞ ðk ¼ 1; 2Þ
b2
Dn
a3n
n¼1

ð58Þ
where an is deﬁned in Eq. (57), and
Dn ¼ ð1 þ gÞcoshðan a = bÞsinhðan a = bÞ ; g ¼ G2 =G1
ð59Þ

ð60Þ

a

x

-b

b
b

-a

4.4. Two-layered rectangular section

F1n ðxÞ ¼ ½g þ ð1  gÞcoshðan a=bÞcosh½an ðx þ aÞ=b
þg sinhðan a=bÞsinhðan x=bÞ
coshðan a=bÞcoshðan x=bÞ

b

-a

results are very close to the exact solutions except in
shear stress szy1;max with an error about 0.68%.

a

x

-b
Fig. 5. (a). Cross section and typical evenly-spaced collocation point
distribution of a homogeneous rectangular section. (b). Cross section and
typical skewed collocation point distribution of a homogeneous rectangular section.

F2n ðxÞ ¼ ½  1 þ ð1  gÞcoshðan a=bÞcosh½an ðx  aÞ=b
þsinhðan a=bÞsinhðan x=bÞ
þg coshðan a=bÞcoshðan x=bÞ
ð61Þ
The shear stresses can be calculated from
warping functions (58). Meanwhile, the torsion rigidity is
"
#
∞
16 1
bX
1 Hn
ð1 þ gÞ þ 6
D¼
ð62Þ
3 2
a n¼1 a5n Dn
with




Hn ¼ 1 þ g2 coshðan a=bÞ  1 þ g2 cosh 2 ðan a=bÞ
2g coshðan a=bÞ þ 2g
ð63Þ
To achieve converged solutions, 101 terms in
the series are used.
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Fig. 6. (a). Cross section and typical collocation point distribution of a two-layered composite rectangular section. (b). Warping function (f) distributions on the two-layered rectangular section based on the PCM (above) and exact solution (below). (c). Shear stress (szx ) distributions on the twolayered rectangular section based on the PCM (above) and exact solutions (below). (d). Shear stress (szy ) distributions on the two-layered rectangular
section based on the PCM (above) and exact solutions (below).

The collocation points are spaced regularly over
the domain, as schematically shown in Fig. 6(a). To
enforce the interfacial continuity conditions, the
number of collocation points along the interface is
twice as many as the points in other regions, as
indicated in Fig. 6(a). The PCM solutions based on
two collocation schemes are compared with both the
exact solutions and FE results in Table 4. By
comparing with exact solutions, it is noted that the
FEM with 154,983 dofs predicts very accurate results
in all structural responses except in shear stress
szx1;max with an error about 1.1%. Similarly, the PCM
with a low-order scheme (m ¼ 8, M ¼ 90, N ¼ 746)

also gives accurate structural responses (with an
error less than 0.6%) except stress szx1;max (with an
error about 2.2%). Both numerical methods yield
less accurate result for szx1;max , which is due to the
fact that szx1;max occurs at the interface between two
different materials. In general, the convergence of
interfacial contact stress based on the numerical
methods is much slower than the interfacial displacements. Meanwhile, the PCM with higher-order
polynomials and more collocation points (m ¼ 12,
M ¼ 182, N ¼ 2506) gives results closer to the exact
solutions than the PCM with a low-order scheme.
The accuracy in szx1;max is improved with an error

Table 4. PCM results with two different schemes are compared to the FE and exact solutions for the two-layered composite rectangular shaft.

D
f1;max
f2;max
szx1;max
szx2;max
szy1;max
szy2;max

PCM (m ¼ 8 M ¼ 90
N ¼ 746)

PCM (m ¼ 12 M ¼ 182
N ¼ 2506)

3D FEM
(154,983 dofs)

Exact
(using 101 terms)

5.2467
1.0284
1.0896
0.46146
0.61247
0.28863
0.54478

5.2527
1.0210
1.0823
0.46858
0.60988
0.29013
0.54775

5.2540
1.0201
1.0829
0.46650
0.61168
0.29010
0.54742

5.2534
1.0201
1.0823
0.47185
0.60999
0.28965
0.54674
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Fig. 7. Cross section and typical collocation point distribution of a threelayered composite rectangular shaft.

less than 0.7%, and the errors in all other structural
responses are less than 0.2%. For this structural
example, it is observed from Table 4 that the PCM
with a small number of unknown parameters (M ¼
182) predicts comparably accurate results, when
compared to FEM with a large number (154,983) of
dofs.
The distributions of the warping function and
shear stresses are sketched in Fig. 6(b), (c) and (d),
separately. Contour maps are plotted using the
gridded data of both the PCM (with m ¼ 12) and
exact solutions. It is noted that, for warping function
and shear stress szx , the distributions based on the
PCM are nearly identical with exact solutions; only a
slight discrepancy is observed near the region
where shear stress szy vanishes.
4.5. Three-layered rectangular section
The three-layered composite section with equal
thickness is shown in Fig. 7. The ratios of shear
moduli are G2 =G1 ¼ 2 and G3 =G1 ¼ 1, respectively.
The collocation points are spaced evenly over the
domain, as schematically shown in Fig. 7. Along the
interfaces, the number of collocation points is twice
the number of points in other regions for enforcing

the interfacial continuity conditions. The PCM solutions, based on the schemes of (m ¼ 8, M ¼ 135,
N ¼ 535) (m ¼ 12, M ¼ 273, N ¼ 1655) and (m ¼ 12,
M ¼ 273, N ¼ 2385), are compared with the FE results with 104,367 dofs in Table 5. The multiple-scale
factors are not essential for the aforementioned
homogenous and two-layered sections. However,
the inclusion of scale factors is crucial for achieving
correct results for the current three-layered section
when more higher-order monomials are introduced
to model the warping function. The results obtained
with and without scale factors are presented in
Table 5 to illustrate the effectiveness of the scale
factors. It is noted that for a lower-order approximation (m ¼ 8), the results obtained with and
without scale factors are nearly identical. Nonetheless, when more higher-order monomials are
included for improving accuracy, the scale factors
are indispensable for improving numerical stability
and for achieving correct results. For the higher
degree of polynomial (m ¼ 12) without introducing
scale factors, it is seen from Table 5 that the scheme
with collocation point number N ¼ 1655 does not
produce correct results, and entirely erroneous results are yielded when more collocation points (N ¼
2385) are added. On the contrary, the numerical
scheme coupled with multiple-scale factors tends to
yield correct results. A further examination of Table
5 reveals that the PCM solutions converge to the FE
results as more higher-order monomials and collocation points are included. Both PCM with (m ¼ 12,
N ¼ 2385) and FEM predict very close results except
shear stress szx1;max ( ¼ szx3;max ) that occurs on the
interfaces between distinct materials. The discrepancy in this interfacial contact stress (szx1;max ) between the PCM solutions and FEM solutions is
about 0.7%.

Table 5. PCM results with multiple-scale factors (ski ) and various collocation schemes are compared with FEM solutions for the three-layered
rectangular shaft.

D
f1;max
f2;max
szx1;max
szx2;max
szy1;max
szy2;max

PCM (m ¼ 8 M ¼ 135
N ¼ 535)

PCM (m ¼ 12 M ¼ 273
N ¼ 1655)

PCM (m ¼ 12 M ¼ 273
N ¼ 2385)

3D FEM
(104,367 dofs)

4.7416/*
0.98286/*
0.28862/*
0.47868/*
0.65485/*
0.32732/*
0.22055/*

4.7475/4.9583
0.98050/0.83055
0.28628/0.22049
0.47900/0.86577
0.64670/0.56514
0.33384/0.28262
0.22098/0.55466

4.7458/#
0.98148/#
0.28639/#
0.47912/#
0.64688/#
0.33359/#
0.22098/#

4.7450
0.98126
0.28572
0.47580
0.65034
0.33224
0.22150

Note:
1. f3;max ¼ f1;max ; szx3; max ¼ szx1; max ¼ szy3; max ¼ szy1; max .
2. Data expression (/) represents values ðwith ski =without ski Þ.
3. Symbol * indicates a same value with the result with ski .
4. Symbol # indicates an erroneous value.
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5. Concluding remarks
Lightweight and corrosion-resistant composite
shafts have been increasingly used in marine
structures. In this study, the point collocation
method based on the Pascal polynomials and
incorporated with multiple-scale factors has been
employed to analyze the warping behaviors of
composite shafts under uniform torsion. The multilayered structures considered have elliptical or
rectangular cross sections. Instead of employing
conventional Prandtl's stress function approach, the
warping function approach is adopted here, which
is more favorable for hollow and composite shafts.
The numerical results for torsion rigidity, warping
functions and shear stresses are presented. The
distributions of warping function and shear stresses
are also displayed using contour plots. To assess the
accuracy of the current method, the PCM results are
compared with ﬁnite element solutions and exact
solutions whenever available. The results indicate
that this simple technique with a relatively smaller
number of undetermined coefﬁcients can consistently yield accurate results. It has advantages in
both computational efﬁciency and easy implementation. The current method coupled with the
subdomain technique is presumably applicable to
torsion bars having more complicated geometries
and material arrangements, which is worthy of
further investigations.
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